A parity deformed Jaynes-Cummings model (JCM) is introduced, which describes an interaction of a two-level atom with a λ-deformed quantized field. In the rotating wave approximation (RWA), all eigen-values and eigen-functions of this model are obtained exactly. Assuming that initially the field is prepared in the Wigner cat state (WCS) and the two-level atom is in the excited state, it has been shown that the atomic Rabi oscillations exhibit a quasi-periodic behavior in the collapse and revival patterns. The influence of the deformation parameter on the time evolution of non-classical features of the radiation field such as the sub-Poissonian statistics and squeezing effect are also analyzed. Interestingly, the main finding here is that we can realize maximally entangled atom-field states. In this note it is shown that the high fidelity is possible in the weak coupling regime, while the deformation parameter becomes large values.
Introduction
The Jaynes-Cummings model (JCM) which is extensively used in quantum optics describes the interaction of a single quantized radiation field with a two-level atom [1] H JC = ω a † a + 1 2
where a † and a are the photon creation and annihilation operators and satisfy the boson oscillator algebra, i.e. [a, a † ] = 1. The spin operators σ ± = 1 2
(σ 1 ± iσ 2 ), with σ 1 , σ 2 and Which provide us with the following irreducible representation of WHA:
a † |2n = √ 2n + 2λ + 1|2n + 1 , a † |2n + 1 = √ 2n + 2|2n + 2 .
It is clear that the above representation is really different than the f -deformed realization of the Heisenberg algebra [18] . Therefore, the introduced λ−deformed algebra in (5) can be considered as a new deformation of the simple harmonic oscillator with significant features in quantum optics [19, 20, 21] . Due to the physical significance of deformed JCM in quantum optics on the one hand, and the central role of the parity operator in the theory of deformation on the other, we then generalize the well-known JCM to a parity deformed-Hermitian case in terms of λ−deformed boson operators. These Hermitian operators arise from a special deformation of canonical bosonic commutation relations, allowing us a mathematically rigorous treatment of our deformed interaction Hamiltonian and extracting the energy spectrum and the corresponding eigen-vectors. Preparing the initial field in the λ− deformed cat states, we will investigate on the collapse and revival phenomena in the Rabi oscillations of the atomic inversion. By setting the deformation parameter, detuning, coupling constant and average photon number of the field statistics, the fidelity and the degree of entanglement of the atom-field states may be adjusted.
The organization of the paper is as follows: We start by introducing a parity deformed JCM and its solutions in section 2. The time evolution of the system is considered in section 3. We study atomic dynamics in Section 4 and discuss some relevant physical phenomenon of collapses and revivals. Sections 5 and 6 are devoted to the calculation of the fidelity and the degree of entanglement in which the numerical results and their discussions are presented. We study nonclassical properties of the atomic system, namely, in Section 7, we evaluate the Mandel's Q parameter, the normal squeezing of the field. The paper is concluded in section 8 with a brief conclusion.
Parity deformation of JCM
We begin by introducing the λ−deformed Hamiltonian, describes an interaction between a two-level atom driven by a λ−deformed quantized field, as follows
which generalizes the ordinary JC Hamiltonian in the rotating-wave approximation. It reduces to the well-known JCM [Eq. (1)], while the annihilation and creation operators are those associated with the harmonic oscillator. We also note that the Hamiltonian H λ is super-symmetric when ω = ω 0 (exact resonance) and g = 0 (absence of coupling). Along with substitution Eq. (2) in Eq. (7), we can recast the Hamiltonian H λ into
In this case the model possesses an exact solution because of existence of an integral of motion, a † a + 1 2 σ 3 , which commutes with the Hamiltonian H λ and allows us to decompose all the representation space of the atom-field system as the tensor product of the Hilbert space associated to the field, H λ , times the Hilbert space associated to the spin, H f ,
Here, |2n, + is the state in which the atom is in the excited state |+ and the field has 2n photons, and a similar description holds for the state |2n+1, − , where |− is the atom ground state. Using the Fock space H given in (9), we can find the following matrix representation of the λ−deformed JC Hamiltonian H λ :
It is easy to see that the normalized energy eigen-states of H λ are
where the coefficients c 1(2) are given by:
in which ∆(= ω − ω 0 ) and Ω n,λ (= ∆ 2 + 4g 2 (2n + 2λ + 1)) are defined as detuning parameter and a generalized Rabi frequency, respectively. The energy eigenvalues corresponding to the eigen-states in Eqs. (12) are
The energy difference between the levels E + n,λ and E − n,λ is Ω n,λ . The minimum of the separation occurs when ∆ equals to zero and the corresponding difference is 2g √ 2n + 2λ + 1. In Fig. 1 (a) and (b), respectively, we have plotted the energy eigenvalues E . In this case the eigenvalues cross each other as increases from negative to positive values. The continuous lines represent the energy eigenvalues for g = 0.01. The diverging eigenvalue separation beyond the minimum separation indicates level repulsion in the eigenvalues of the dressed atom. As Figs. 1(a) and 1(b) show, the repulsion between energy levels increases while the deformation parameter λ gets bigger. Where the latter, also, leads to shift the energy levels to the positive side. 
Evolution Of Atom-Filed State
In order to study the influence of the deformation on the dynamics of the system, firstly we decompose the Hamiltonian (8) as follows
where
In the interaction picture generated by H 0 , the Hamiltonian of the system can be written as
We now proceed to solve the equation of motion of this system in an interaction picture, i.e.
At any time t, the wave function Ψ(t) is expanded in terms of the states |2n, + and |2n+1, − as follows
Clearly, Ψ(t) is determined completely once the coefficients c +,2n (t) and c −,2n+1 (t) are known. Inserting (19) into (18) we obtain the following general solution for the probability amplitudes, c +,2n (t) and c −,2n+1 (t), as:
where c −,2n+1 (0) and c +,2n (0) are determined from the initial conditions of the system, which is supposed initially in its excited state, i.e. c +,2n (0) = c 2n (0) and c −,2n+1 (0) = 0. Here the initial condition for the field is described by c 2n (0). For this case in particular, we have
This set of equations gives us the solution of the problem. In order to calculate some physical quantities of interest, we need only to specify the initial photon number distribution of the field |c 2n (0)| 2 . The field we are considering in this work is being treated as an λ-deformed oscillator, we have several options to describe it. We focus on the situations which the field as an eigen-state of the λ-deformed annihilation operator, introduced in Ref. [20] , i.e. a 2 |W λ,+ = w 2 |W λ,+ , and it's number state expansion is
Therefore, in this case, we have
It is worth to mention that, as a second option, one may choose the initial state of the field as the Wigner negative binomial states already studied in Ref. [21] . They are mathematically equivalent to those nonlinear ones and may be expected to bring new quantum features.
2 Here, I λ (x) refers to the modified Bessel function of the first type [22] , with a convergency radius of infinity that has been used in order to normalize the WCSs to unity i.e. λ,+ W |W λ,+ = 1 for w ∈ C. It is worth mentioning that the states |W λ,+ is defined for λ > − 
Atomic Dynamics
In this section, we are interested in studying the temporal evolution of atomic inversion. Which, in turn, is specified by the expectation value of the inversion operator as:
Substituting Eqs. (21) and (23) into (24), we obtain, for an atom prepared initially in the excited state,
Numerical results of the atomic inversion when the field is in a standard cat state (i.e. when λ = 0), with (|w| 2 =)30 photons on average and detuning factors 0 and 0.01, were shown versus the scaled time gt in figures 2 (a) and (b), respectively. The temporal evolution of the atomic inversion σ z reveals significant discrepancies of the well-known phenomenon of collapses and revivals [23] . Recall that the collapse, i.e. when the envelope of the oscillations collapses to zero, is due to the destructive interference among the probability amplitudes at different Rabi frequencies, Ω n,λ , for different photon number eigen-states. At the revival times, on the other hand, constructive interference occurs. This phenomenon also takes place when the initial field state is a WCS. In figure 2 (c) the function σ z is plotted for the value λ = 50. In this case, σ z exhibits quasi periodic behaviour very similar to the atomic inversion of a two-photon JCM [24, 25, 26] , with an effective Hamiltonian defined as
However, in this case note how the structure of the oscillations is much more complex than the standard Rabi oscillations. As the detuning factor ∆ increases, these structures are disappeared( see figures 3), i.e. the inhibition of the radiation decay is more transparent. It is clear that the inhibited decay even occurs in the case λ = 0. This behaviour is due to the influence of the parity deformation via the generalized Rabi frequency Ω n,λ . Figures 3 (a) -(c) indicate that, with increasing λ the inhibition decay of the excited state will be balanced.
Fidelity
We now calculate the fidelity
which measures the "closeness"of the two quantum states |Ψ(t) and |Ψ(0) = |w λ,+ ⊗ |+ , which indicate that F is unity when these two quantum states are identical. We plot the fidelity in Figs. 
4, when the deformation parameter increases the fidelity decreases but remains close to its initial value( see figures 4(a)-(d))
. To obtain a fidelity around 1, one needs to enhance the deformation parameter λ to 100 and gt = 95. In this case, |Ψ(t) becomes minimum uncertainty state which minimize the uncertainty relation, Eq. (29) in Ref. [20] .
The von Neumann entropy
The entropy of a radiation field is one of the fundamental problems of statistical physics. It is a very useful operational measure of the purity of the quantum state. The time evolution of the field entropy reflects the time evolution of the degree of entanglement between the atom and the field [5, 30] . We finish this section with a discussion of the Schmidt decomposition and the related von Neumann entropy as they pertain to the JCM. As this system is bipartite, a Schmidt decomposition is assured. We have already presented the solution of the timedependent Schrodinger equation in Eq. (19), which we rewrite here as
according to the Schmidt decomposition, for any instant in time t, we can always find the reduced density operator of the atom in the bare basis specified by |+ and |− and obtain
(28a) Clearly, eigenvalues of the density operator of the atom, g ± , can be expressed in terms of the coefficients c +,2n (t) and c −,2n+1 (t) i.e. g + = ∞ n=0 |c +,2n (t)| 2 and g − = ∞ n=0 |c −,2n+1 (t)| 2 . It is easy to obtain an expression for von Neumann entropy, which for each of the subsystems of the JaynesCummings model is
In figures 5, for an atom initially in the excited state and for the field initially in WCS with |w| = 3, g = 0.01 and ∆ = .1, we plot the von Neumann entropy S(ρ A ), all against the scaled time gt. Sometimes, the von Neumann entropy is maximum where the atom and field are nearly in maximally entangled status at that time( see Fig. 5 (c) ). As the deformation parameter λ increases, the system of the atom-field become maximally entangled ( figures  5 (a)-(d) ). The essence of this subsection is summarized in Fig. 6 where we compare the von Neumann entropy and fidelity of the quantum state, Ψ(t), associated with the λ−deformed JCM investigated here. Notice that entanglement between the atom and field is disappeared(i.e. the quantum state Ψ(t) becomes separable), where fidelity of the quantum state passes the greatest value.
Non-classical Properties
We now examine the time evolution of the nonclassical properties of the constructed states Ψ(t). To achieve this purpose, we investigate on the sub-Poissonian statistics and quadrature squeezing of them. It should be mentioned that squeezing or sub-Poissonian statistics are sufficient requirements for a state to belong the non-classical ones.
Sub-Poisonian Statistics
The anti-bunching effect as well as the sub-Poissonian statistics of the states Ψ(t), is investigated by evaluating Mandel's Q λ parameters, which can defined as
The inequality Q < 0, indicates the sub-Poissonian photon number distribution, which implies that photons are antibunched; that is, the detection of a photon makes a subsequent detection event less likely. It is well know that sub-Poissonian statistics is a signature of the quantum nature of the field. Conversely, a field for which Q > 0 holds is called bunched, indicating a bunching of photons. In this case, the above inequality indicates the superPoissonian photon number distribution. Also Q = 0 corresponds to the canonical coherent state. Here, the angular brackets denote averaging any field operatorÔ over an arbitrary 
where the probability amplitudes c +,2n and c −,2n+1 (t) are given by equations (21a) and (21b), respectively. In figures 7, we show the temporal evolution of the Mandel's Q λ parameters given by equation (27) , when the field is initially in a λ-deformed annihilation operator coherent state introduced in (23) , |w λ,+ , with |w| 2 = 20. One can shows that its statistics tends to fluctuate around Poissonian conduct for small values of λ( see Figs. 7(a) and  7(c) ). On the other hand, the statistics of the deformed annihilation operator coherent state exhibits, in general, a super-Poissonian behaviour for the same |w| 2 initial value. For a larger deformation parameter, λ = 10, the results are displayed in figure 7(d). In this case, the nature of oscillations is evidently different from that in figure 7 (b) . In other word, its oscillatory behaviour corresponds to just a super-Poissonian statistics (figure 7 (d)). However, when the initial field state is a deformed annihilation operator state (see figures 7 (a), (c) and (d)), it is clear that the temporal evolution of the variance oscillates between sub-Poissonian and super-Poissonian statistics.
Squeezing Effect
Squeezing of radiation is a purely nonclassical phenomenon without any classical analogue and has attracted considerable attention owing to its low-noise property. It has been either experimentally observed or theoretically predicted in a variety of nonlinear optical processes. Now, let us consider the squeezing properties of the field by introducing the following two Hermitian field amplitudes,x = which results that the squeezing condition takes the simple form S λ x(p),i < 0. By using the mean values of the generators of the WHA,
one can derive the variance and covariance of the operatorsx andp. From Eqs. (29) and (31), we conclude that S λ x(p) is strongly dependent on the complex variable w(= |w|e iφ ), the deformation parameter λ, the detuning ∆ and the coupling constant g. These dependencies can be discussed as follows: , respectively. These figures show that the squeezing effect in the field operator p may be considerable for φ = 0 and small values of gt while λ > 0. Sometimes, the squeezing factor S p tends to zero, as seen in figure 8(a) , which indicates that the states Ψ(t) become minimum uncertainty ones.
• For the case φ = 0, our calculations show that the squeezing factors S p are really dependent of λ. Figure 8(a) shows that, with increasing of λ, the degree of squeezing or depth of non-classicality increases at first and then decreases with different gt.
• Squeezing in the p quadrature is disappeared when φ reaches , where squeezing in the x quadrature is arised (see figure 8(b) ).
Conclusions
A model of deformed Jaynes-Cummings Hamiltonian, expressed in term of fermionic and λ-deformed bosonic operators, was introduced. It's diagonal form and its eigen-states and eigenvalues were obtained explicitly, analogously to the well known case. Mathematical and physical implications and applications of our results have been also discussed in detail. The deformed JCM introduced, here, could be used to further investigate the interaction between an atomic system and a single mode of an electromagnetic field, including damping or amplifying processes, which are of fundamental importance for example in quantum optics. It was found that the generalized Jaynes-Cummings model is governed by a WHA which reduces to the well-known Heisenberg algebra occurring in the standard JCM. It has been shown that the atomic inversion exhibits Rabi oscillations include quasi-periodic behavior. Searching by the statistical properties of the deformed JCM reveals that if only the initial field state has a mean photon number exceeding 9 (near a resonant case) significant squeezing can be achieved. It's strength can be arbitrarily large for increasing deformation parameter. The λ−deformed JCM can be, potentially, applied to generate maximally entangled states. In other word, the small detuning and coupling regimes with large deformation parameter of this system can support high fidelity and maximally entangled quantum state. Finally, a possible generalization to the three-level system can be discussed.
